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Abstract 

An irreducible algebraic stack is called unirational if there exists a surjective 
morphism, representable by algebraic spaces, from a rational variety to an 
open substack. We prove unirationality of the stack of prioritary omalous 
bundles on Hirzebruch surfaces, which implies also the unirationality of the 
moduli space of omalous //-stable bundles for any ample line bundle H on a 
Hirzebruch surface. To this end, we find an explicit description of the duals 
of omalous rank-two bundles with a vanishing condition in terms of monads. 
Since these bundles are prioritary, we conclude that the stack of prioritary 
omalous bundles on a Hirzebruch surface different from P 1 x P 1 is dominated 
by an irreducible section of a Segre variety, and this linear section is rational 
|lj. In the case of the space quadric, the stack has been explicitly described 
by N. Buchdahl. As a main tool we use Buchdahl’s Beilinson-type spectral 
sequence. Monad descriptions of omalous bundles on hypersurfaces in P 4 , 
Calabi-Yau complete intersection, blowups of the projective plane and Segre 
varieties have been recently obtained by A. A. Henni and M. Jardim Q, and 
monads on Hizebruch surfaces have been applied in a different context in Q. 
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cohomological methods, omalous bundles, classification. 


1. Introduction 

An omalous bundle on a complex projective smooth variety is a vec¬ 
tor bundle whose determinant is the anti-canonical bundle and with second 
Chern class equal to the class of the tangent bundle. Omalous bundles have 
been introduced by Ron Donagi and the motivation comes from physics: 
these conditions on the Chern classes imply the usual Green-Schwartz anomaly 
cancellation conditions. The omality condition is used in the construction 
of quantum sheaf cohomology Q. In |2j A. A. Henni and M. Jardim found 
explicit descriptions of (stable) omalous bundles on several types of vari¬ 
eties: hypersurfaces in P 4 , Calabi-Yau complete intersection, blowups of the 
projective plane and Segre varieties. 

Prioritary sheaves on the projective plane were defined by A. Hirschowitz 
and Y. Laszlo in [5[. This notion was extented on birationally ruled surfaces 
by Ch. Walter in joj , [7]. In Q it is proved that if H is a polarisation on a 
birationally ruled surface with a numerical condition (such polarisations al¬ 
ways exist), then any //-semistable torsion-free sheaf is prioritary, hence this 
notion extends if-semistability. The advantage in working with prioritary 
sheaves instead of (semi)stable ones is that their definition is polarisation- 
free. The most important result on _prioritary sheaves is the irreducibility 
and the smoothness of the stack 0,0,0- 

The aim of this paper is to prove unirationality of the stack of prioritary 
omalous bundles on Hirzebruch surfaces via an explicit monad description 
of prioritary omalous rank-two vector bundles with a vanishing condition on 
a Hirzebruch surface. For technical reasons, we work with duals of omalous 
bundles. This approach does not affect the result, as the dual of a prioritary 
rank-two bundle is also prioritary. 

We work over the field of complex numbers. The outline of the paper is 
the following. In section [2J we set the notation and we recall some facts that 
will be used in the core of the paper. We discuss the numerical invariants as¬ 
sociated to rank-two vector bundles on Hirzebruch surfaces and the canonical 
extensions I, S. Beilinson spectral sequences on Hirzeburch surfaces [10|, 
and the general theory of monads [lljj. In section [3] we describe completely 
the duals of prioritary omalous bundles in terms of the associated numerical 
invariants, Proposition [Q A similar description is valid for bundles with arbi¬ 
trary Chern classes, Remark [0 In section [I] we find a necessary and sufficient 
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condition, given by the vanishing of the space of sections of a suitable twist 
for a dual of an omalous bundle to be given by a specific monad, Theorem 
El This vanishing condition is satisfied by all the duals of (semi)stable oma¬ 
lous bundles and moreover the duals of omalous bundles that satisfy these 
condition are necessary prioritary, Proposition El Hence the stack of bundles 
with this condition sits between all the stacks of (semi)stable bundles and 
the stack of prioritary bundles, and the inclusions are strict, Remark El The 
monad description obtained in Theorem El is used in Section [5] to prove that 
the stack of prioritary omalous bundles is dominated by a rational variety, 
which is a linear section of a Segre variety, Theorem El Hence the stack of 
prioritary omalous bundles is an irreducible, smooth, unirational stack of di¬ 
mension 4, Theorem El Consequently, all the moduli spaces of stable omalous 
bundles are unirational, Corollary [D 

Acknowledgements. The authors have been partly supported by the 
CNCS-UEFISCD1 grant PN-I1-1D-PCE-2012-4-0156. We are grateful to P. 
Ionescu for indicating us how to verify the rationality of the linear section 
of the Segre variety in Proposition El We also thank the referee for having 
made constructive comments that helped improving the presentation. 

2. Preliminaries 

In this preliminary section we fix the notation and we recall some defini¬ 
tions and facts that will be used in the main sections El and |4l 

2.1. Hirzebruch surfaces 

Let X = E e be a Hirzebruch surface, E e = P(Cpi © Cpi(—e)) A P 1 with 
e > 0. Denote by Co = O x ( 1) the negative section ( Cq = —e), and by F a 
fibre of the ruling (Co • F = 1, F 2 = 0). Recall that Pic(A) = Z • Co © Z • F 
and the canonical bundle is K x = O x (— 2Co — (e + 2 )F). A line bundle 
O x (aCo + bF) has a nonzero global section if and only if a > 0 and b > 0. 
In what concerns the cohomology groups H 1 they are given by 

Lemma 1. Let X = E e be a Hirzebruch surface and a,b G Z. Then 

[ H^FK^f^OAke + b)), ifa<- 2 
H l (X, O x (aC 0 + bF)) = < 0, if a = - 1 

{ J RO(P 1 ,0“ =o C pl (fce-6-2)), ifa> 0. 
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2.2. Rank-two vector bundles on Hirzebruch surfaces as extensions 

In this section we recall from Q and [9j the numerical invariants naturally 
associated to rank-two bundles on Hirzebruch surfaces and the canonical 
extensions. 

Let V be a rank-two vector bundle on a Hirzebruch surface X = £ e — > P 1 
with Chern classes c\{V) = qlCq + (3F and C 2 <V) = C 2 G Z. Since the fibres 
of the ruling are projective lines, we can speak about the generic splitting 
type of V i.e.: 

V\f — Op{d') © Opicx — d) 

for a general fibre F, where 2d > a. The integer d is the first numerical 
invariant of V. 

The second numerical invariant r is obtained from a normalisation pro¬ 
cess: 

r = max{£ G Z| H°(X, V(-dC 0 - IF)) ± 0}. 

In this context, we have the following result i, i (see also [12] Chap¬ 
ter 6): 

Theorem 1. Notation as above. There exists ( a zero-dimensional locally 
complete intersection subscheme of X (or the empty set) of length := 
C 2 + a(de — r) — f3d + 2 dr — d 2 e > 0 such that V is presented as an extension: 


0 —>■ Ox{dC 0 + rF) —>■ H —>• O x ({a - d)C 0 + (f3 - r)F) ©X c —> 0. (1) 


The extension (jTJ) is called the canonical extension of V. This extension 
and the invariants d and r are very useful in a number of situations. For 
example, in 13] a numerical stability criterion involving these invariants has 
been proved. The existence of vector bundles with given numerical invariants 
has been settled in [14]. 

We will apply the canonical extension to prove a numerical criterion for 
bundles with certain Chern classes to be prioritary (this notion is recalled 
below) in section [3] 


2.3. Prioritary sheaves 

The notion of prioritary sheaf was first introduced by A. Hirschowitz and 
Y. Laszlo in jh], in order to include the class of stable bundles in a larger class. 
It consists of coherent sheaves £ on P 2 , without torsion, which satisfy the 
property Ext 2 (£, £{— 1)) = 0, called prioritary sheaves , and A. Hirschowitz 
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and Y. Laszlo proved that the latter form an irreducible space. Following 
the same path, Ch. Walter extended in 0 , 0 the notion of prioritary sheaf 
on birationally ruled surfaces. He considered 7r : S —» C a birationally ruled 
surface and called prioritary a coherent sheaf £ on S which is torsion-free and 
Ext 2 (£, £(—f p )) = 0 for all p G C, where f p = it _ 1 (p). He showed that, for 
given r > 2,Ci G NS(S') and c 2 G Z, the stack Prior s (r, Ci, c 2 ) of prioritary 
torsion-free sheaves on S of rank r and Chern classes C\ and c 2 is smooth 
and irreducible of dimension —%(£,£), see Q Proposition 2, [7j (1.0.1) and 
the proof of Proposition 3.1. Moreover, for any polarisation H on S with 
H • (K s + f p ) < 0 for p G C any if-semistable sheaf is prioritary, [hj. 

Note that the dual of a rank-two prioritary bundle V on a birationally 
ruled surface remains prioritary. Indeed, we apply the formula V* = V <g> 
det(V) in the definition. 

In the sequel, we will be concerned with prioritary rank-two bundles V on 
a Hirzeburch surface X. In this case, the definition reduces to the condition 

Ext 2 (V, V(-F)) = H 2 (X, V* ® V(-F)) = 0 (2) 

where F is the class of the fibre of the ruling. In section |3] we will see that 
prioritary bundles with Chern classes C\ = Kx and c 2 = 4 admit a precise 
numerical characterisation. 


2-4- Beilison spectral sequences 

Beilinson spectral sequences have been defined first on a projective space 
by A. Beilinson with the aim of describing its derived category. Later on, 
similar constructions have been made on other classes of varieties (Grass- 
mannians, hyperquadrics, Hirzebruch surfaces, scrolls etc). We recall here 
very briefly the case of a Hirzeburch surface X = £ e . If A C X x X denotes 
the diagonal, N. Buchdahl jToj observed that A can be described scheme- 
theoretically as the zero-locus of a global section in a rank-two vector bundle 
over X x X. This phenomenon produces Beilinson type spectral sequences 
on X. Specifically, if V is a vector bundle of arbitrary rank on X, there is a 
spectral sequence abutting to V (see flo|): 


f V if p + q = 0 
) 0 otherwise. 


( 3 ) 


Moreover, E\' q = 0 if p £ {—2, —1, 0} or if q £ {0,1, 2 
terms of the spectral sequence are described as follows, 


| and the remaining 


E®’ q = H q (X, V) (2) O x , 


( 4 ) 
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E~2, q £* H ^ Xi V (_ Co _ F)) (g O x (-C 0 - (e + 1)F)), (5) 

and Ef l ' q can be computed from an exact sequence 

H q (X, V{-F))®O x {-F ) Er 1 ’ 9 H q (X, V{-C 0 ))®Ox{-C 0 -eF). (6) 

Using the Beilinson spectral sequence, we see that a vector bundle on X 
is determined by the cohomology of suitable twists and some vector bundle 
morphisms. 

2.5. Monads 

Definition. Let X be a smooth projective variety. A monad on X is a 
complex of vector bundles 

with a injective and b surjective. The cohomology at the middle of this com¬ 
plex is called the cohomology of the monad. 

In 0 , it was noted that the cohomology of a monad is a vector bundle 
with precisely determined Chern classes. In the study of monads, a funda¬ 
mental tool is represented by the following notion |ll| . 

Definition. The display of a monad 

o^aAbAc^o 

is the following commutative exact diagram: 

0 0 


0 

0 



0 

0 


0 0 

where K = ker(6) and Q = coker(a). 
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Monads have been proved useful in describing various moduli spaces, see 
for example (lj| . A key fact is the following relation between morphisms of 
monads and vector bundle morphisms [ill ]. 

Lemma 2. Let E = H(M),E' = H(M') two vector bundles that represent 
the cohomology of two monads 

(M) : 

(M 1 ) : 0^A'4b'4c'^0 

over a smooth projective variety X. The map 

h : Horn(M, M') -> Hom(U, E') 

that sends every monad morphism to the corresponding bundle morphism is 
bijective if the following conditions are verified: 

Horn (B, A') = Hom(C, B') = 0, 

H\X, B* <8> A') = X , C* <8) B ') = 0, 

H\X, C* ® A') = H 2 (X, C* ® A') = 0. 

In section 0] we obtain a precise characterisation using monads for a class 
of rank-two vector bundles on a Hirzebruch surface. 

3. A numerical criterion for prioritary bundles 

Using the canonical extensions ([Tj) from Theorem [H prioritary omalous 
bundles can be characterised in terms of invariants d and r. For technical 
reasons, we shall study here, and in the next section, the duals of rank-two 
omalous bundles rather than these bundles themselves. The dual bundles 
have Ci = Kx and C 2 = 4. From the point of view of prioritary bundles, it 
does not make any difference, as we have already noted that the dual of a 
prioritary bundle remains prioritary. 

The precise description is contained in the following result: 

Proposition 1. Let V be a rank-two vector bundle on a Hirzebruch surface 
X with Ci(V) = Kx an d C 2 <V) = 4. Consider the canonical extension 

0 — y L\ — y V — y L 2 <8> — y 0, (7) 
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with Li = Ox(dC 0 + rF ), L 2 = Ox{—{d + 2 )C 0 — (e + 2 + r)F) and d > — 1. 
Then 

H 2 (X, V* ® V(-F)) H°(X, O x (2dC 0 + (2r + 1 )F)). 

In particular, V is prioritary if and only if d = — 1 or r < — 1. 

Proof. From the isomorphism V = V*<g>Kx, and from Serre duality, we have 
to prove 

H\X , (8) V{F)) = H°{X, O x (2dC 0 + (2r + 1)F)). (8) 

Twisting the sequence (ED with V(F) we obtain a sequence 

0 H°(X, Li®V(F)) H\X,V®V(F)) ->■ F°(X, X 2 <8>X C ® F(F)) (9) 

We claim that H°(X, L 2 <8) V(F)) = 0. Indeed, twist the equence © with 
X 2 (F) and obtain 

0 -> F°(W, <8) L 2 (F)) -> F°(X, X 2 ® R(F)) -> F°(X, Xf (F) ® X c ) (10) 

Since L x ® L 2 = K\ it follows that dd°(A", Xi <8> L 2 (F)) and, since d > — 1, 
we have H°(X, Lf 2 (F)) = 0, and the sequence (flOD implies the vanishing of 
H°(X,L 2 <8) V(F)) = 0. In particular, from © we obtain an isomorphism 
H°(X, L x ® I/(F)) = F°(X, V (8) V(F)). 

We compute H°(X,L x ® V(F)). From © twisted by L X (F) we obtain 
the sequence 

0 H°(X,Lf 2 (F)) H°(X, L x ® V(F)) ->■ H°(L 1 ® L 2 (F) <8>X^) 

Since H°(Li ® L 2 (F)) = 0, we obtain the isomorphism predicted in (J8D . □ 

Remark 1. yin identical proof works for vector bundles with arbitrary Chern 
classes. The precise statement that can be proved is that a rank-two vector 
bundle V on X with c x (V) = aCo + /3F and associated numerical invariants 
d and r is prioritary if and only if 

/3 + e + 1 

or r < -. 

2 

These conditions follow from the isomorphism 

H 2 (X, V* ® V r (—F)) =* F°(X, C> A -((2d - a)C 0 + (2r - /3 - e - 1)F)). 


d = 


ct T 1 
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4. Monads for prioritary omalous bundles 

In this section, we will analyse rank-two vector bundles V on X with 
Ci(V) = K x and C 2 (V) = 4 which satisfy the extra-condition 

H°(X, V (C 0 + F)) = 0. (11) 

Note that the cotangent bundle 9 X X satishes the hypotheses. Indeed, from 
the natural extension 

0 -)■ O x (-2F) -> 9 X X -)■ O x (-2C 0 - eF) -> 0. (12) 

we infer that H°(X, Q x (Co + F)) = 0. In the same time, the sequence above 
destabilizes 12 y with respect to any polarisation, hence 9 X X is never stable. 
However, we can prove the following 

Proposition 2. Let H be an ample line bundle on X and V be an H-stable 
rank-two vector bundle on X with ci(V) = K X and C 2 (V) = 4. Then V 
satisfies the condition m- 

Proof. If H°(X, V(C 0 + F)) ^ 0 then there is an injective map Ox{—Cq — 
F) — > V. Since H ■ F > 0 and c\{V) = Ox(— 2Co — (e + 2 )F) it follows that 
Th(Ox(—Co — F)) > p H {V) i.e. Ox(—C q — F) is destabilising. □ 

Remark 2. If e > 0 then H-stability can be replaced by H-semistability in 
the statement above. 

On the other hand, we have 

Proposition 3. Any rank-two vector bundle V on X with C\(V) = Kx, 
C 2 (V) = 4 and H°(X,V(Co + F)) = 0 is prioritary. In particular, these 
bundles form an irreducible stack Mx, which is an open substack of the stack 
Priorx(2, Kx, 4) of prioritary bundles. 

Proof. We apply the numerical criterion of Proposition [D Twisting the 
canonical extension flZJ) by Ox (Co + F), H°(X,V(Cq + F)) = 0 implies 
H°(X,Ox((d + l)Co + (r + 1)F)) = 0. Since d + 1 > 0 it follows that 
r + 1 < 0. 

The irreducibility of the stack follows from |6| Proposition 2. □ 
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Remark 3. The stack of bundles with H 0 (X,V(Cq + F)) = 0 sits between 
the all the stacks of stable bundles and the stack of prioritary bundles. We 
mention that there are prioritary bundles that do not satisfy the vanishing 
m- In fact, any vector bundle with ci(V) = Kx, c 2 (V) = 4 and numerical 
invariants d = — 1 and r = — 1 is prioritary, from Proposition Q] and has 
H°(X,V(Co + F)) 0. The existence of these bundles follows from fBl 

Theorem 10 (II). 

The Riemann-Roch theorem implies immediately that the dimension of 
the stack J\f x equals 4. Indeed, for any V omalous and prioritary bundle, 
we have x(V, V) = x{X, V* (g) V), and ci(V* <g) V) — 0 and c 2 (V* <g) V) = 
4 c 2 (V) — cj(V) = 8 and hence x(V, V) = —4. The stack is also smooth, [7], 

In the next result, we obtain a one-to-one correspondence between the 
bundles considered here and certain monads. 

Theorem 2. Let V be a rank-two vector bundle on X with C\(V) = Kx and 
c 2 (V) = 4. Then H°(X, V{Cq + F)) — 0 if and only ifV is the cohomology 
of a monad: 

(13) 

where A = O x (-C 0 - (e + l)F)® e ; B = O x (~F) m © O x (-C 0 - eF)®( e + 2 ) 
and C = Ox 2 . Moreover, in this description, isomorphism classes of monads 
map bijectively to isomorphism classes of bundles. 

Proof. We will repeatedly use the isomorphism V = V* (g) K x . 

The "if" part. Suppose that V is given by the cohomology of a monad as 
in the statement. By duality, we have to prove that H 2 (X, V(—Cq — F)) = 0. 
From the display of the monad, Definition 12.51 twisted by O x (—Co — F) we 
obtain two short exact sequences 

0 ->■ A(-C 0 — F) B(-C 0 — F) —)• Q(-C 0 - F) ^ 0 (14) 

and 

0 V (—C 0 - F) ->■ Q(-C q - F) ->• C(-C 0 - F) 0. (15) 

From the sequence (fI41) we have H 2 {X, Q(—C 0 — F )) = 0. Since C = Of) 2 
we also have H 1 (X,C(—C 0 — F)) = 0. Hence, from the sequence (1131) we 
infer that H 2 (X, V(-C 0 - F)) = 0. 

The "only if" part. The hypothesis implies that H°(X, V ) = 0, therefore 
H 2 (X, V ) = H°(X, V* © K x ) = H°(X, V) = 0, 
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and from (J3J) it follows that E®’° = E = 0. 

The hypothesis also implies that H°{X,V(—Co — F)) = 0 and hence 
E^ 2 ' () = 0 from (]5]). On the other hand, from duality and the isomorphism 
R ^ R* <g> K x , it follows that H 2 (X, V(-C 0 - F)) = H°(X , V(C 0 + F)) = 0, 
hence E^ 2,2 = 0, too. 

To compute the terms E^ 1,0 and E^ 1,2 we use the exact sequence (cf. ((HD) 
H°(X, V{-F)) ® O x (-F) E~ lfi H°(X, V{-C 0 )) ® O x {-C 0 - eF), 
and, respectively, 

H 2 (X, V(-F)) ® O x (-F) E- 1 ’ 2 H 2 (X, V(-C 0 )) ® O x (-C 0 - eF). 

As in the previous cases, we obtain 

H°(X, V(-F)) = H°(X, V(-C 0 )) = H 2 (X, V(-F)) = H 2 (X, V(-C 0 )) = 0, 

i.e. E~ h0 = E~ h2 = 0. 

We have proved that 

Ef = Ef = 0 ,Vpe (-2, -1, 0} 

which means that the hrst page of the Beilinson spectral sequence looks like 
in Figured] 


0 

0 

0 

E^ 2 ' 1 

e r M 


0 

0 

0 


Figure 1: The first page of the spectral sequence 

We compute next the remaining terms of E\. 

To compute E®’ 1 = H 1 (X, V)®O x we use the vanishing of H°(X , V ) and 
of H 2 (X , V ) and we apply the Riemann-Roch formula to obtain h}{X, V ) = 
2. It follows that E®’ 1 = (9® 2 . 

To compute E^ 2 ’ 1 2* H\X,V{-C 0 - F)) ® O x (-C 0 - (e + 1)F) we 
apply again the Riemann-Roch formula: x(X, R(—Co — F)) = — e and we 
use H°{V(-C 0 - F)) = H 2 (V(-C 0 - F)) = 0. Hence E^ 2 ’ 1 ^ O x (-C 0 - 
(e + l)F)® e . 
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To compute E 1 1,1 we take into account (jHI) and use the vanishing of 
H°(X, V(—Cq)) and of H 2 (X, V(—F)). We deduce that E^ 1 ' 1 lies in a short 
exact sequence 

0 -»■ hT 1 (f/(-F))®C) A '(-F) -> F” 1 ’ 1 -»■ H\V(-C 0 ))®Ox(-C 0 -eF) -> 0. (16) 

We compute \(X 1 V{—F)) = —2 and x(F, V{— Co)) = —e — 2. Since 
H°(X , V(-F)), H 2 (X, V(-F)), H°(X, V(-C 0 )) and H 2 (X, V(-C 0 )) are all 
equal to zero, we obtain h l (V(—F)) = 2 and /x 1 (W(—Co)) = e + 2. On the 
other hand, 

Ext 1 (if 1 (X, V(-Co)) ® O x (-C 0 - eF), H\X, V(-F)) ® 0 A (-F)) = 

= H\X, V(-Co)) ® F 1 ^, O(-F)) ® Ext 1 (O A (-O 0 - eF), C A (-F)). 

The isomorphism 

Ext 1 (O A (-O 0 - eF), O x (-F)) = H\X, O x (C 0 + (e - 1)F)) 
and Lemma |T| for a = 1 and b = e — 1 yield to 

Ext^CM-Q, - eF), Ox{-F)) = 0, 
which means that the sequence (fl6l) splits and hence 

Ff 1 ’ 1 = Ox(-F)® 2 ® Ox(-C 0 - eF) e(e+2) . 

The differentials df’ 9 : Ff’ 9 —> Ff +1,9 dehne the complex 

F^ 2 ’ 1 4 Ff 1,1 A Ff’ 1 . 

Let F = ker a, L = ker fe/Irn a and M = coker b. The second page F 2 of the 
spectral sequence is drawn in figure [21 


0 

0 

0 

K 

L 

M 

0 

0 

0 


Figure 2: The second page of the spectral sequence 
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The differentials d^ q : EE' 1 —> E^ +1 ' q 1 all vanish and then 
E^ = K, B- 1 ’ 1 = L, E°d = M. 

From (J3j) we infer that 


K = M = 0 §i L = V, 

0 -> E~ 2 ' 1 A E~ hl A e" a ->■ 0 

is a monad, whose cohomology is V. 

To prove that we have a bijection between isomorphism classes of monads 
and isomorphism classes of bundles, it suffices to show that (Lemma [2]) 

Horn {B, A) = Hom(C, B) = 0, 

H\X, B*® A) = H\X, C*®B) = 0, 

H\X, C*® A) = H 2 (X, C*® A) = 0. 

These conditions are verified by direct computations and Serre duality. □ 

Monad descriptions of omalous bundles on hypersurfaces in P 4 , Calabi- 
Yau complete intersection, blowups of the projective plane and Segre varieties 
have been recently obtained by A. A. Henni and M. Jardim [2]. 

Note that the monad description does not automatically guarantee that 
it defines a morphism of stacks. This issue will be dealt with in the next 
section. 


5. The geometry of the stack of prioritary omalous bundles 


In this section, we analyse the geometry of the stack of prioritary omalous 
bundles, with emphasis on unirationality. An irreducible algebraic stack 
is called unirational if there exists a surjective morphism, representable by 
algebraic spaces, from a rational variety to an open substack of it. 

Throughout this section, we assume that e > 1. Note that the case of 
P 1 x P 1 has been completely described in lo|| Proposition 1. 

We begin with a study of the space Z parametrizing monads of type . 
With the notation from Theorem [21 the morphisms a is given by two blocks 
of matrices 


a = 


a i 
®2 


13 



with 


G M 2xe (H°(X, O x (C 0 + eF))), a 2 G M {e+2)xe (H°(X, O x (F ))) 
and the morphism b is given by two blocks of matrices 

6 = ( 61 62 ) 

6, e M 2x 2 (H°(X. O x (F))), b 2 e M 2Me+2) (H°(X, Ox(C 0 + eF))). 
Denote by 

M\ = M 2xe (H°(X, O x (C 0 + eF))) © M {e+2)xe (H°(X , O x (F))), 

M 2 = M 2x2 (H°(X, O x (F))) © M 2x{e+2) (H°(X, O x (C 0 + eF))), 

M 3 = M 2xe (H°(X, O x (C 0 + (e + 1)F))). 

Recall that h°(O x (Co + eF)) = e + 2 and h°(O x (Co + (e + 1 )F) = e + 4. 
For i G {1,2,3} put m; = dim(Mj) — 1 and compute m\ = 4e 2 + 8e — 1, 
m 2 = 2e 2 + 8e + 15 and m 3 = 2e 2 + 8e — 1. 

We obtain the following description of Z: 

Z = {(a, b) G MiXM 2 \ a injective, b surjective and bi-ai + b 2 -a 2 = 0 G M 3 }, 

in particular, Z is a quasi-afhne variety in x M 2 whose closure is given 
by the quadratic equations b\ ■ cq + b 2 ■ a 2 = 0. Using an idea from [3|, we 
can prove even more: 

Proposition 4. The variety Z is smooth of dimension 4(e 2 + 2e + 4). 

Proof. The proof is very similar to (3|, Lemma 4.9. We only have to verify 
that H 2 (X, V*®V) = 0 which is implied by the condition (J2]) . This condition 
implies that the map 

/x M\ x M 2 —y -Ms, (o, b) 1 —y b 3 ■ Gq T b 2 ■ a 2 

is smooth and surjective, see |3j- In particular, the dimension of Z = /r _1 (0) 
equals dim(Mi) + dim(M 2 ) — dim(M 3 ). □ 

Proposition 5. The variety Z is rational. 
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Proof. Consider the projection iWj x M 2 —> PAR x PM 2 and note that the 
fibres C* x C* of this projection over the image y of Z are completely con¬ 
tained in Z. Hence it suffices to prove that y is rational. 

Embed PMi x P M 2 by Segre in P(Mi <g) M 2 ). The linear map 


<g) iff 2 —t M :i , (ai, a 2 ) Z {b\, b 2 ) h► &i • ai + b 2 ■ a 2 

induces a rational linear projection P(Mi <g) M 2 ) ---> PM 3 . If K denotes the 
kernel of the linear map above, then the center of the projection is P K. The 
intersection of P K with the Segre variety P Mi x P M 2 is isomorphic to y. 

We prove the rationality of this linear section of the Segre variety using an 
argument indicated by P. Ionescu jl]. Recall that for i E {1, 2, 3} we defined 
riii = dinr(PMj) and computed m\ = 4e 2 +8e —1, m 2 = 2e 2 +8e+15 and m 3 = 
2e 2 + 8 e — 1. Put m = dim(PA'). Since m + 1 > (mi + l)(m 2 + 1) — (m 3 + 1) 
we obtain m > mim 2 + nri\ + m 2 — m 3 — 1 and hence m + m 2 = m + m 3 +16 > 
m\m 2 + mi + m 2 . In particular, PA' intersects each fibre of the projection 
P Mi x P M 2 —> PMi and hence PA' D (PMi x P M 2 ) dominates PMi. Since 
the intersection of PA' with these fibres are projective subspaces, we infer 
that PA" D (PMi x P M 2 ) is birational to a projective bundle over PMi and 
hence is rational. □ 

Proposition 6. There is a natural morphism p : Z —>• Mx which is repre¬ 
sentable by algebraic spaces and surjective. In particular, p is a smooth atlas 
for M x ■ 

Proof. It suffices to give a natural rank-two vector bundle V on X x Z with 
ci(V 2 ) = K x , c 2 (V z ) = 4 and H°(X,V Z (C 0 + A)) = 0 for all z E Z. Then, 
if S' be a scheme over C, let / : S —> Z be a morphism, the morphism p 
associates to / the vector bundle (id. Y x f)*(V) on X x S. 

We have natural vector bundle morphisms a : p*A —> p\B , and /3 : p\B —y 
p\C dehned hberwise as follows. Any point z E Z corresponds to a monad, 
and hence to a pair (a z , b z ) of morphisms a z : A —>■ B and b z : B —> C. Over 
any pair (x, z) E X x Z, we dehned a^ x>z ) = a z and ^( x ,z) — b z . It is clear 
that a is injective, f3 is surjective, and j3 o a = 0 and hence we have a monad 
on X x Z, 0 —y p\A -e p\B -e p*C -E 0 whose cohomology V is the vector 
bundle we were looking for. 

Representability follows from the fact that the stack of vector bundles is 
an Artin stack, and hence the diagonal of Mx is representable which implies 
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that any morphism from a scheme to Afx is representable, [16], Proposi¬ 
tion 7.13. 

Since the morphism p is representable by algebraic spaces, surjectivity 
follows from surjectivity on objects, jl7) Lemma 77.7.3, and surjectivity on 
objects in ensured by Theorem [2] □ 

Remark 4. Denote by G the group 

G := Aut(A) x Aut(-B) x Aut(C). 

Obviously, we have an action of G on Z given by 

(a,/3, 7 )' (a,b) := (/3ao _1 ,yfe/T 1 ), 

and hence we have an induced quotient stack [Z / G\ of dimension 

dim ([Z/G]) = dim (Z) — dim(G') = 2e 2 + 4e + 4. 

Unlike the situation of f^J, the action of G is not free, and hence the 
quotient stack cannot be a variety. One can prove that Z —>■ Afx factors 
through a natural morphism of stacks [Z/G\ —y Al~x, and, from Proposition 0 
it is representable by algebraic spaces and surjective. However, by dimension 
reasons (recall thatAfx Is of dimension A), the two stacks are not isomorphic. 

Propositions 0 and [H] provide the necessary ingredients to show the main 
result of our paper: 

Theorem 3. Suppose that e > 1. The stack Afx of rank-two prioritary 
bundles with Chern classes c± = Kx and C 2 = 4 is unirational. 

Since stable bundles are prioritary, Theorem [3] implies the following: 

Corollary 1. For any ample line bundle H on a Hirzebruch surface X, the 
moduli space AA.h(Kx,A) of omalous H-stable bundles is unirational. 

Remark 5. From fl 5/ . it follows that if H belongs to a chamber of type 
(Kx, 4), non-adjacent to the class of a fibre, then the moduli space AA.h(Kx, 4) 
is non-empty. 
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